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We study the question of the gauge dependence of the quantum gravity contribution to the running
gauge coupling constant for electromagnetism. The calculations are performed using dimensional
regularization in a manifestly gauge invariant and gauge condition independent formulation of the
effective action. It is shown that there is no quantum gravity contribution to the running charge,
and hence there is no alteration to asymptotic freedom at high energies as predicted by Robinson
and Wilczek.
PACS numbers: 04.60.-m, 11.15.-q, 11.10.Gh, 11.10.Hi
Until fairly recently the belief that quantum gravity
lay outside the realm of any conceivable experimental
test was pervasive in the physics community. Important
work by Donoghue [1] helped to change this pessimistic
viewpoint. Donoghue proposed that the effective field
theory methodology be applied to quantum gravity, with
Einstein’s theory viewed as an effective low energy ap-
proximation to some as yet unknown more complete the-
ory. Since Donoghue’s pioneering work, there has been
considerable interest in this viewpoint. A beautiful re-
view of the subject has been given by Burgess [2].
A notable calculation was performed recently by
Robinson and Wilczek [3] for Einstein gravity coupled to
a gauge theory. It was claimed, as a consequence of quan-
tum gravity corrections, that all gauge theories become
asymptotically free at high energies. This includes the
Einstein-Maxwell theory, and occurs below the Planck
scale at which perturbative quantum gravity calculations
become suspect. If the gravitational scale is sufficiently
low, as predicted by many higher dimensional theories,
then it is conceivable that the predictions of [3] on the
running gauge coupling constant might be experimen-
tally testable [4]. A recent analysis of the calculation [5]
has cast doubt on the results of [3] by claiming that the
quantum gravity correction to the running gauge cou-
pling constant is gauge dependent, and that there is re-
ally no such effect. The calculations of [5] do demonstrate
that when computed using traditional background-field
methods the effective action does depend on the choice
of gauge condition. Choosing a particular gauge con-
dition, and demonstrating independence of parameters
that enter this condition is not sufficient to demonstrate
gauge condition independence. As we will discuss, with
the choice of gauge conditions made in [3, 5] a gauge con-
dition independent result for the effective action necessi-
tates additional terms that are not present if the standard
background-field method is employed. Because of the in-
terest in this problem, its potential as an experimental
test of quantum gravity, and the controversy surround-
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ing the details, we will present a different analysis to that
of [3, 5] that removes all question of any possible gauge
dependence.
There are two basic problems that need to be dealt
with in any calculation in a gauge theory. The first is
to ensure that the calculations are done in a way that
is gauge invariant. The second is to ensure that the
calculations are not dependent on any gauge conditions
that are chosen. The background-field method of De-
Witt [6] is the method that we will use here. A version
of the method that is invariant under gauge transfor-
mations of the background field was developed [7] and
used by Abbott [8] in Yang-Mills theory. However, this
formulation still leads to results that depend on gauge
conditions in general. A significant refinement of the
method that leads to an effective action that is com-
pletely gauge-invariant as well as gauge condition inde-
pendent was given by Vilkovisky [9] and DeWitt [10],
and it is this formalism that we will use here. (A recent
review of the method, with applications, can be found
in the forthcoming monograph [11].) An alternate, but
equivalent, approach is to use the conventional gauge-
invariant background-field method, but to impose a set
of identities as Nielsen [12] did for scalar electrodynamics
to ensure that physical results do not depend on gauge
conditions. This approach has been used to great effect
in gauge field theory at finite temperature [13].
The application of the Vilkovisky-DeWitt method to
quantum gravity was used to solve the problem of the
gauge condition dependence of the vacuum energy in five-
dimensional Kaluza-Klein theory in Ref. [14]. Earlier ap-
plications to quantum gravity were given by [15, 16], and
a more complete reference to other applications can be
found in [11, 17].
The central idea behind the Vilkovisky-DeWitt
method is to regard the fields ϕi as local coordinates
in the space of all fields. (We adopt DeWitt’s condensed
notation [6] here.) The action functional S[ϕ] is assumed
to be invariant under the gauge transformations whose
infinitesimal form is
δϕi = Kiα[ϕ]δǫ
α , (1)
with δǫα the infinitesimal gauge parameters. A metric
gij is introduced on the space of fields and an appro-
2priate connection is chosen to ensure that the effective
action is independent under arbitrary field redefinitions
as well as independent under an arbitrary change of the
gauge conditions. (For proof of this and further details
see [11, 18].) Having established that the effective action
is independent of the gauge condition, calculations are
simplest if a special choice, called the Landau-DeWitt
gauge condition by Fradkin and Tseytlin [16], is made.
If we define the background field to be ϕ¯i and write
ϕi = ϕ¯i + ηi , (2)
the Landau-DeWitt gauge is specified by
χα[ϕ¯, η] = Kαi[ϕ¯]η
i = 0 . (3)
(Indices are raised and lowered with the field space met-
ric in the usual way.) The calculational advantage of this
choice is that the necessary connection Γkij that is re-
quired may be taken as the usual Christoffel connection
associated with the field space metric gij . If any other
gauge choice is made, this is no longer the case and ad-
ditional terms in the connection beyond the Christoffel
terms arise to ensure independence of the effective ac-
tion on the gauge condition. (An illustration of this for
quantum gravity is given in [14].)
To one-loop order the effective action is (see [14] for
details of the derivation)
Γ[ϕ¯] = S[ϕ¯]− ln det Qαβ[ϕ¯]
+
1
2
lim
α→0
ln det
{
∇i∇jS[ϕ¯] +
1
2α
Kiα[ϕ¯]K
α
j [ϕ¯]
}
,(4)
where
∇i∇jS[ϕ¯] = S,ij [ϕ¯]− Γ
k
ij [ϕ¯]S,k[ϕ¯] , (5)
Qαβ[ϕ¯] =
δχα
δǫβ
. (6)
It is worth emphasizing that the background field ϕ¯i is
completely arbitrary here, and it is not necessary to ex-
pand about classical solution to the equations of motion.
The role of non-trivial connection should be apparent
when ϕ¯i is general.
We are interested in the case of gravity with a Maxwell
field here and will choose the curvature conventions of
[19] but with a Riemannian metric. The classical action
functional is
S =
∫
dnx|g(x)|1/2
(
−
2
κ2
R+
1
4
FµνF
µν
)
(7)
where κ2 = 32πG. The generic field variables will be
chosen as ϕi = (gµν(x), Aµ(x)). As already noted, the
formalism is completely independent of this choice, and
we are free to choose gµν or Aµ, or any arbitrary tensor
densities without affecting the result for the effective ac-
tion. The infinitesimal gauge transformation (1) for the
gravity-Maxwell theory reads
δgµν = −δǫ
λgµν,λ − δǫ
λ
,µgλν − δǫ
λ
,νgµλ , (8)
δAµ = −δǫ
νAµ,ν − δǫ
ν
,µAν + δǫ,µ , (9)
in this case, where δǫµ describes an infinitesimal trans-
formation of the spacetime coordinates, and δǫ is the pa-
rameter for the local U(1) gauge transformation of elec-
tromagnetism. The natural choice of field space metric
follows from the quadratic part of the expansion of the
action functional about the background fields and is di-
agonal in the basic field variables with
ggµν(x)gλσ(x′) =
1
2
(
gµλgνσ + gµσgνλ − gµνgλσ
)
δ(x, x′) ,
(10)
the standard DeWitt metric for gravity, and
gAµ(x)Aν(x′) = g
µνδ(x, x′) (11)
the field space metric for the Maxwell field. Here δ(x, x′)
is the biscalar density Dirac distribution. It can be veri-
fied that the Kiα that can be read off by comparing (8,9)
with (1) are Killing vectors for the field space metric. It is
a straightforward calculation to evaluate the Christoffel
symbols for the field space metric given in (10,11).
In order to check the results of [3, 5] we do not need
to evaluate the full one-loop effective action. Instead we
may note that we only need to study the terms of order
F¯µν F¯
µν , where F¯µν = A¯ν,µ−A¯µ,ν is the field strength as-
sociated with the background electromagnetic gauge field
A¯µ. The reason for this is that if we are interested in the
corrections to quantum gravity in the β-function asso-
ciated with the charge, standard renormalization group
arguments in dimensional regularization [20] show that
we can concentrate on pole terms in the renormalization
factor Ze that links the bare charge eB to the renormal-
ized charge eR, eB = ℓ
n/2−2ZeeR with ℓ an arbitrary unit
of length. The bare background field A¯µB is related to
the renormalized one A¯µR by A¯µB = ℓ
1−n/2Z
1/2
A A¯µR.
A consequence of using the gauge invariant background-
field method is that eBA¯µB = eRA¯µR, leading to
ZeZ
1/2
A = 1 . (12)
This was used by Abbott [8] in his calculation of the
Yang-Mills β-function to two-loop order and is the
background-field version of the Ward-Takahashi iden-
tity [21] in QED that shows how charge renormalization
is determined by the renormalization of the photon field.
Because the β-function for the charge is determined by
the pole part of Ze, and because Ze is related to ZA by
(12), we may concentrate on ZA. This is fixed by the
pole part of the effective action Γ that involves F¯µν F¯
µν
as claimed.
Because we are only interested in checking the results
of [3, 5] we may concentrate on simply the pole part of Γ
that involves F¯µν F¯
µν , rather than performing the more
complicated calculation of the full one-loop effective ac-
tion. We can therefore set the background gravitational
metric g¯µν = δµν , but keep the background electromag-
netic field A¯µ general. This means that we are not ex-
panding about a solution to the classical equations of mo-
tion, and that the contribution of the Vilkovisky-DeWitt
correction to the traditional effective action is important.
3A simple method to obtain all the terms of order
F¯µν F¯
µν in Γ is to reexpress the determinants in (4) as
functional integrals, and to treat the dependence on the
background gauge field as an interaction. In this way we
can obtain a systematic expansion powers of A¯µ, and in
particular, concentrate on those expressions that are just
quadratic in A¯µ since it is only these quadratic terms
that can give rise to a dependence on F¯µν F¯
µν in Γ.
With the identification ϕi = (gµν , Aµ), and ϕ¯
i =
(δµν , A¯µ), it proves convenient to identify the quantum
part of the field as
ηi = (κhµν , aµ) . (13)
The Landau-DeWitt gauge conditions (3) read
χλ =
2
κ
(hλ
µ
,µ −
1
2
h,λ) + A¯λa
µ
,µ + a
µF¯µλ , (14)
χ = aµ,µ , (15)
where h = δµνhµν and spacetime indices are raised and
lowered with the background metric δµν . Again we em-
phasize that any gauge choice can be made here, but that
if anything other than the Landau-DeWitt gauge is cho-
sen it is essential to include additional contributions to
the connection, in addition to the Christoffel connection.
We can write the last term of (4) as a functional inte-
gral over hµν and aµ that is Gaussian. The graviton and
gauge field propagators are read off to be
〈hαβ(x)hλτ (x
′)〉 = Lαβλτ (x, x
′)
=
∫
dnp
(2π)n
eip·(x−x
′) Lαβλτ (p) , (16)
where
Lαβλτ (p) =
1
p2
[δα(λδτ)β −
1
2(n− 2)
δαβδλτ ]
+
(α− 1)
p4
[δα(λpτ)pβ + δβ(λpτ)pα] , (17)
and
〈aµ(x)aν (x
′)〉 = Gµν(x, x
′)
=
∫
dnp
(2π)n
eip·(x−x
′)Gµν(p) , (18)
where
Gµν(p) =
δµν
p2
+ (2β − 1)
pµpν
p4
. (19)
(The round brackets in (17) denote a symmetrization
over the enclosed indices with a factor of 1/2.) Here we
call the gauge parameters α and β to distinguish those
for the two gauge conditions (14,15); both gauge param-
eters are taken to zero at the end of the calculation as re-
quired in the Landau-DeWitt gauge. Here 〈· · · 〉 denotes
the evaluation of any expression using Wick’s theorem
with only one-particle irreducible graphs kept.
We can write
−
1
2
ln det
{
∇i∇jS[ϕ¯] +
1
2α
Kiα[ϕ¯]K
α
j [ϕ¯]
}
= ln
∫
[dη] e−Sq−SGF , (20)
where
Sq =
1
2
ηiηj∇i∇jS[ϕ¯] =
1
2
ηiηj
(
S,ij −
1
2
ΓkijS,k
)
, (21)
SGF =
1
κ2α
∫
dnx
(
hν
µ
,µ −
1
2
h,ν +
κ
2
F¯µνa
µ
)2
+
1
4β
∫
dnx (aµ,µ)
2
. (22)
The expression for Sq is too lengthy to write out in full
here, but is computed from the second functional deriva-
tive of the classical action in (7) and the Christoffel con-
nection for the field space metric evaluated at gµν = δµν
with Aµ = A¯µ general. The resulting expression has
the same general structure as SGF , being quadratic in
the quantum fields hµν and aµ, and involving the back-
ground electromagnetic field A¯µ up to quadratic order.
The functional integral in (20) is then computed pertur-
batively by writing Sq + SGF = S0 + S1 + S2 with the
subscript counting powers of A¯µ that occur, and expand-
ing the exponential in powers of A¯µ up to quadratic order.
We are interested in 〈S2〉 and 〈(S1)
2〉 to see if there are
any poles that involve F¯µν F¯
µν . We find
S1 =
κ
α
∫
dnx(hµν ,µ −
1
2
h,ν)aλF¯λν
+
κ
2
∫
dnx
(
hF¯µν − 2hµλF¯
λν + 2hνλF¯
λµ
)
aν,µ (23)
and a much lengthier expression for S2. (S0 tells us the
Feynman rules for the propagators given earlier in (16–
19).) When computing 〈S2〉 we encounter expressions
like 〈aµ(x)aν(x)〉 and 〈hµν(x)hλτ (x)〉 that involve the
Feynman propagators with coincident arguments. Such
terms get regulated to zero in dimensional regulariza-
tion [22]. We conclude that 〈S2〉 cannot contain pole
terms proportional to F¯µν F¯
µν .
The situation for 〈(S1)
2〉 is less obvious and may give
rise to pole terms in dimensional regularization; however,
none of the poles can take the form of F¯µν F¯
µν . We will
illustrate this for a typical term,
〈∂µh
µν(x)∂′αh
αβ(x′)aλ(x)aσ(x′)〉
= ∂µ∂
′
αL
µναβ(x, x′)Gλσ(x, x′)
=
∫
dnk
(2π)n
eik·(x−x
′)
{α
2
δνβ
∫
dnp
(2π)n
Gλσ(k − p)
+
(3α
2
− 1−
1
(n− 2)
)∫ dnp
(2π)n
pβpν
p2
Gλσ(k − p)
}
(24)
4The integral over p in the first term is regulated to zero
as described for 〈S2〉. The integral over p in the sec-
ond term does contain poles; however, these poles will
involve powers of k that result in derivatives of the Dirac
δ-distribution. Such poles can give rise only to expres-
sions involving higher derivatives, like F¯µνF¯
µν and re-
lated terms, and are not of the required form. It can be
shown that this is true for all the terms that arise from
〈(S1)
2〉.
The final term to check is ln det Qαβ . This can be ex-
pressed as a functional integral by introducing Faddeev-
Popov [23] ghosts. In our case we need a vector ghost,
ηµ, and a scalar ghost, η, for the two gauge conditions
(14,15). We can write
det Qαβ =
∫
[dη¯dη] e−SGH , (25)
where
SGH =
∫
dnx
{
−
2
κ2
η¯ληλ + A¯λη¯
λ
η − A¯λA¯ν η¯
λ
ην
−η¯λA¯λ(A¯
µ
,ν + A¯ν
,µ)ην,µ − η¯
λA¯λη
νA¯µ,ν
µ
−η¯λF¯µλη
νA¯µ,ν − η¯
λF¯µλA¯νη
ν
,µ + η¯
λF¯µλη,µ
+η¯η − η¯A¯νη
ν − η¯(A¯µ,ν + A¯ν
,µ)ην ,µ
−η¯ηνA¯µ,ν
µ
}
. (26)
This can be treated in the same way as we have just
described, by expanding the exponential in powers of A¯µ
up to quadratic order. It is verified in a straightforward
way that there are no poles that involve F¯µν F¯
µν coming
from ln det Qαβ. (Again, higher derivative poles may
occur.)
In conclusion, we have established in a gauge invariant
and gauge condition independent way, in the framework
of dimensional regularization, that there are no poles
present in the one-loop effective action for the gravity-
Maxwell theory that involve F¯µν F¯
µν . This means that
there is no infinite renormalization of the background
gauge field that represents the photon, and hence no
charge renormalization due to quantum gravity. We
therefore disagree with the conclusions of [3] and agree
with those of [5]. Furthermore, unlike the analysis of [5],
this has been established in a way that is completely in-
dependent of any choice of gauge condition and for any
arbitrary background gauge field. Although we have only
considered a U(1) gauge theory here, sufficient evidence
of the method has been presented to be confident that
a similar conclusion holds for Yang-Mills theory coupled
to gravity. It should be possible to compute the pole
terms that involve derivatives and higher powers of F¯µν
within the scheme that we have described; this would
represent a reflection of the non-renormalizability of the
Einstein-Maxwell system first established by Deser and
van Nieuwenhuizen [24], but established in a manifestly
gauge independent way.
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